A block diagram representing the dynamics of a stacked piezoelectric actuator driven, flexure based single axis scanning stage is described in Fig. 1 . The nonlinearities of the actuator and the flexure stage contribute to the mechanical noise of the system and are collectively represented by n 1 . The electronic operation of the sensor contributes to the electronic noise, which mainly includes 1 / f and white noise, and is represented by n 2 .
In an open loop operation ͑Fig. 1͒, the positioning resolution, which is the smallest motion that can be differentiated from the noise in the system ͑signal values greater than three times of the standard deviation of noise give a 99.7% confidence in the signal͒, is determined mainly by the mechanical noise. The mechanical noise mainly consists of the slowly varying drift and creep, which are therefore prominent in slow scans, and the inertial lag at high frequencies, which is prominent in high speed scans. Hysteresis affects the systems at all frequencies and is particularly prominent in repetitive raster scanning. These nonlinear effects of drift, creep, and hysteresis are sensitive to changes in operating conditions such as ambient temperature, residual polarization in piezoactuators, and most importantly the operating point, the reference value on the nonlinear input-output ͑input voltage versus stage displacement͒ graph about which stage motions are calibrated. Therefore, including their precise behavior in device models is practically infeasible, and hence they are treated as noise. This mechanical noise precludes subnanometer resolutions in open loop operation for most stack piezoactuated large flexure based positioning systems. In comparison, small single crystal piezodevices, though suffer from the same problems, have nonlinearities which are less sensitive to operating conditions leading to lesser imprecision in models and hence give better resolution.
Feedback based schemes have demonstrated effective compensation for the creep, drift, hysteresis, and inertial lag problems 1 without requiring their precise models. They compensate for the mechanical noise but at the cost of feeding back the relatively smaller electronic noise. Hence, designing the feedback law to limit the effect of additional electronic noise from the sensor is critical. For better exposition, we present the analysis and design of feedback schemes in terms of transfer functions.
2 Transfer function of a system represents the linear dynamics of the system about an operating point. A transfer function block diagram of the scanner in a feedback loop is described in Fig. 2 . Moreover, G is the transfer function of the scanner system, comprising of the piezoactuator, the flexure stage, and the sensor, as described in Fig. 1 . It represents the dynamical relation between its output, the flexure stage displacement y ͑which is scaled by a sensor constant͒, and its input, the voltage u given to the piezoelectric actuator. The relation is denoted by a product operation as y = Gr ͓or as y = G͑j͒r when the relation between the Fourier components of frequency is emphasized͔. The feedback controller K decides the control signal u based on the difference between the sensor reading y m = y + n and the reference scan trajectory signal r. The closed loop dynamic relation from the reference trajectory r to tracking error r-y is given by the sensitivity transfer function S =1/͑1+GK͒, while the complementary sensitivity T = GK / ͑1+GK͒ represents the transfer function from r to y. The tracking error is given by
Thus, the tracking error, which is given by the superposition of the error contribution Sr from the reference signal r and the error contribution Tn from the electronic noise n, is ad- versely affected by large values of scan range of r and the amplitude of noise n. Thus, high resolution can be achieved by designing the feedback law K such that S͑j͒ and T͑j͒ are small in those frequency ranges where the frequency contents of r and n, respectively, are large. However, there are fundamental restrictions on the design of S and T through K. For instance, at no frequency, S͑j͒ and T͑j͒ can simultaneously be made small since their sum satisfies
at all frequencies . Similarly, there is another limitation described by the Bode integral law 3,4 which says that for no design of K, S͑j͒ for stable systems can be made small at all frequencies since S͑j͒ satisfies the following conservation condition:
In view of these limitations, there is an inherent trade-off between the positioning resolution and the positioning bandwidth of the device. For a closed loop system, resolution is defined in terms of the standard deviation of the error signal e, and bandwidth of the closed loop system is defined as the rejection frequency range of S; i.e., the frequency range of reference signal over which the overall error due to the reference signal and electronic noise still remains below within the specified accuracy. While trying to reduce the overall error e, the error due to large range of frequency content in reference signal can be made small only at the expense of an increased error due to noise at those frequencies and vice versa. Since the electronic noise has contents in, practically, all the frequencies, obtaining high resolution requires a high rejection bandwidth of T implying a very low rejection bandwidth of S ͓from Eq. ͑2͔͒. Fortunately, for applications such as raster scanning, the range of appreciable frequency content is low ͑some scans even have only one frequency͒, thus making it possible to achieve high resolution.
From the design viewpoint, the transfer functions S and T in Eq. ͑1͒ are interpreted as filters that act on r and n to give e. Typical designs do not exploit the trade-off between the resolution and bandwidth to achieve high resolution. For example, many designs make S small without making the rejection bandwidth of S small and thus sacrifice resolution. S and T are typically designed as high pass and low pass filters, respectively. For high resolution in low frequency scans ͑where r has only low-frequency content͒, this design can be made to exploit the resolution-bandwidth trade-off by making T have a very low pass bandwidth that, from Eq. ͑2͒, forces S to have a very low rejection bandwidth resulting in high resolution output. However, this controller does not work for high-frequency-content reference signals, since S is not small at these frequencies. Traditionally, the rejection bandwidth of the resulting closed loop transfer function S is increased so that the system works for higher frequency reference signals ͓Fig. 3͑a͔͒. However, this results in higher bandwidth of T increasing the error due to noise, and the closed loop system gets a higher bandwidth at the expense of resolution. Here, we propose to design the controller such that S and T have the shapes of band reject and band pass filters, respectively, instead of the traditional high pass and low pass filter designs ͓Fig. 3͑b͔͒. By keeping the rejection bandwidth of band reject filter S low, the closed loop system achieves very low e and high resolution. In this design, we still have the flexibility of locating the central frequency of the reject band of S ͑equivalently, the pass band of T͒ at any desired frequency, which includes high frequencies. Thus, reducing the bandwidth of the closed loop system for achieving high resolution does not necessarily require low speed ͑frequency͒ operation. Thus, by designing S with a low rejection bandwidth around the scan frequency, both for low and high frequency scans, we achieve high resolution scanning without any speed limitations. The design of the controllers that achieve these shapes for S and T under constraints, such as in Eqs. ͑2͒ and ͑3͒, is done using system theoretic tools such as H ϱ optimal control design.
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Experimental verification was done on the nanoscanning stage of a commercial AFM, three-dimensional molecular force probe from Asylum Research, Inc., Santa Barbara. Three different results are presented here to bring out the effective high resolution performance capability of the above control paradigm. In the first experiment, mica was imaged over a very small scan range of 6 -8 nm ͑see Fig. 4͒ at very slow scan rates ͑0.02 Hz͒. Under these conditions, the friction signal from mica is expected to show a triangular waveform representing the stick-slip phenomenon 6,7 with a periodicity of 5.2 Å, which can be seen only if the nanoscanning used during imaging has a subnanometer positioning resolution. This result could not be achieved using open loop operation and standard high bandwidth controller for the scan -FIG. 2 . Closed loop system. Moreover, r is the reference signal, u the control output, y the system output, n the noise ͑combination of n 1 and n 2 ͒, and y m the measured output. FIG. 3 . ͑Color online͒ Closed loop transfer functions. ͑a͒ Traditional low pass filter T ͑solid curve͒ and high pass filter S ͑dotted curve͒. ͑b͒ The proposed controller design results in a band pass filter T ͑solid curve͒ and a band reject filter S ͑dotted curve͒, and hence high resolution can be obtained at any speeds of operation by designing the narrow pass and reject band around the operating speed ͑frequency͒.
ning stage. When a very low bandwidth ͑2.85 Hz͒ controller was designed for the scanning axis with the complementary sensitivity T as a low pass filter, subnanometer positioning resolution was obtained. This enabled capturing the lattice averaged atomic scale stick-slip phenomenon in the friction signal.
In the second experiment, a very high scan range high speed positioning was done at a frequency of 31.25 Hz. The reference signal and output positioning signal obtained for the long range high speed operation can be seen in Fig. 5 . The standard deviation of the tracking error using a traditional controller resulting in a high bandwidth ͑66.5 Hz͒ low pass filter T was as high as 3.85 m for a scan range of 25 m, whereas the tracking error using a controller resulting in a very low bandwidth ͑24 Hz͒ band pass filter shaped closed loop transfer function T, with a zero phase central frequency at 31.25 Hz, was 0.139 m, an improvement of 96%. This significant improvement in resolution using a very low bandwidth band pass controller with a certain zero phase frequency is because the resulting closed loop system has a zero phase lag at the operating frequency of 31.25 Hz.
As the scan size reduces, the error contribution due to the noise dominates over the error due to the reference signal. The effectiveness of this low bandwidth band pass shaped closed loop transfer function T in rejecting the noise to achieve high resolution can be demonstrated by very low range scans. Hence, the next experiment was done by repeating the second experiment with the scan size kept at zero to have a zero error contribution from the reference signal. Hence, the overall error is given by e = Tn. Because of the very low pass bandwidth of T, we expect a very low error and, hence, high resolution. However, this cannot be verified directly from the available signals of y m and e m as they are good measures of y and e, respectively, only for large scans where the signal to noise ratio is high. Hence, the error e is obtained by taking the product of experimentally obtained T and n. This is done by using the following identity:
which relates the mean and standard deviation of the output signal y from a filter F͑j͒ ͑that is, y = Fx͒ in terms of the power spectral density ͑PSD͒ X͑͒ of input x. 8 This method is validated by computing the standard deviation of e m and comparing it with the standard deviation obtained by using Eq. ͑4͒ and the experimentally obtained S and the PSD of n. The standard deviations of e m from both methods were found to be in good agreement with each other, thus justifying the prescribed method. The standard deviation of e obtained from this experimental method was 0.41 nm for the controller used in second experiment as against a value of 1.32 nm obtained when a high bandwidth controller was used, which has a significant improvement of 68.9%. No stick slip is observed in the friction signal when the controller in ͑a͒ and ͑b͒ is used for lateral positioning. When the controller in ͑c͒ and ͑d͒ is used, lateral resolution is very high ͑subnanometer͒, and we obtain the expected stick slip periodicity of 5.2 Å in ͑c͒ and its multiples in ͑d͒.
